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Abstract We introduce the three-mode nonlinear Bogoliubov transformations based on the
work of Siena et al. (Phys. Rev. A 64:063803, 2001) and Ying Wu (Phys. Rev. A 66:025801,
2002) about nonlinear Bogoliubov transformations. We show that three-mode nonlinear Bo-
goliubov transformations can be constructed by the combination of two unitary transforma-
tions, a coordinate-dependent displacement followed by the standard squeezed transforma-
tion. Such decomposition turns all the nonlinear canonic coordinate-dependent Bogoliubov
transformations into essentially linear problems as we shall prove and hence greatly facili-
tate calculations of the properties and the quantities related to the nonlinear transformations.

Keywords Coordinate-dependent three-mode nonlinear Bogoliubov transformations ·
Three-mode squeezed states

1 Introduction

In recent years Bogoliubov transformation and its various generalizations are a powerful tool
in dealing with many problems in quantum systems in various fields [4–12]. However, the
transformations involved in the most of references are linear in nature and hence can only
deal with either the model in the bilinear form of the annihilation and creation operator, or
in a special kind of nonlinear transformations such as the angular momentum representa-
tion of the bosonic operators. But many quantum systems involve nonlinear interaction and
hence it is desirable to consider nonlinear Bogoliubov transformations. Siena et al. and Ying
Wu have achieved some progress in this direction. They have shown that some coordinate-
dependent Bogoliubov transformations are indeed canonical transformations when some of
their transformation parameters satisfy certain requirement and have discussed the corre-
sponding multiphoton states.

The most general coordinate-dependent Bogoliubov transformations mentioned by Siena
et al., which have the following form b = μa+νa† +γF(X1)+ηG(X2), b

† = μ∗a† +ν∗a+
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γ ∗F(X1)+η∗G(X2), where a, a† satisfy the commutative relation [a, a†] = 1, μ,ν, γ, η are
complex parameters, and F = F † and G = G† are operator-valued nonlinear functions of
the fundamental coordinate operators: X1 = a+a†√

2
, X2 = a−a†√

2i
, which obviously satisfy the

commutative relation [X1,X2] = i
2 . When some of their transformation parameters satisfy

certain requirements, they have shown that some coordinate-dependent Bogoliubov transfor-
mations are indeed canonical transformations. Based on the work of Siena et al., Ying Wu
have shown that the coordinate-dependent Bogoliubov transformations can be constructed
by the combination of two unitary transformations, a coordinate-dependent displacement
followed by the standard squeezed transformation. Such a decomposition make nonlinear
problems reduced to linear ones and the calculations have been transformed into those in-
volving only the standard squeezed states.

Thus a question naturally arises: under which conditions the nonlinear three-mode
coordinate-dependent Bogoliubov transformations are canonical transformations? If all the
corresponding canonical ones can be constructed by the combination of two unitary trans-
formations, a coordinate-dependent displacement followed by the standard squeezed trans-
formation? Because three-mode nonlinear Bogoliubov transformations is more complicated
than the single mode, to answer these question we must first use the usual three-mode
squeezing transformation and then analyze its nonlinear Bogoliubov transformations.

2 Coordinate- and Momentum-Dependent Three-Mode Squeezing Transformations

Let us consider a three-mode bosonic quantum system. The usual three-mode squeezing
transformation is [3]

S3aiS
−1
3 = ai coshλ + Aija

† sinhλ, (1)

where i = 1,2,3, Aij =
[ 1

3 − 2
3 − 2

3

− 2
3

1
3 − 2

3

− 2
3 − 2

3
1
3

]
, a† =

⎡
⎣ a

†
1

a
†
2

a
†
3

⎤
⎦, S3 = exp[−λ(A† − A)], A† =

1
6

∑3
i=1 a

†2
i − 2

3

∑
i<j a

†
i a

†
j , A = 1

6

∑3
i=1 a2

i − 2
3

∑
i<j aiaj .

We now introduce the following squeezing transformations:

bi = ai coshλ + Aija
† sinhλ + iπiFi + πi+3Gi, (2)

where π = τ, k, l, πi =
[

π1
π2
π3

]
, πi+3 =

[
π4
π5
π6

]
, Fi = [F1 F2 F3 ], Gi = [G1 G2 G3 ], and

Fi = F
†
i (i = 1,2,3) are arbitrary nonzero operator-valued function of the coordinate oper-

ators Xi (i = 1,2,3), Gi = G
†
i (i = 1,2,3) are arbitrary nonzero operator operator-valued

functions of the momentum operators Pi (i = 1,2,3).
Let us first discuss the conditions under which conditions the operators bi and b

†
i (i =

1,2,3) satisfy the canonical commutation relations [bi, b
†
j ] = δij , [bi, bj ] = 0 (i = 1,2,3).

By means of the operator formulas

[ai,Fi] = 1√
2

dFi

dXi

, [a+
i , Fi] = − 1√

2

dFi

dXi
,

[ai,Gi] = i√
2

dGi

dPi

, [a+
i ,Gi] = i√

2

dGi

dPi

,

(3)
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we obtain

[bi, b
†
i ] = 1 + i√

2

dF1

dX1

(
−1

3
sinhλ + coshλ

)
(πi − π∗

i ) +
√

2i

3

∑
l �=i

dFl

dXl

sinhλ(πl − π∗
l )

− i√
2

dG1

dP1

(
−1

3
sinhλ + coshλ

)
(πi+3 − π∗

i+3)

−
√

2i

3

∑
l �=i

dGl

dPl

sinhλ(πl+3 − π∗
l+3) +

3∑
n=1

i(πnπ
∗
n+3+π∗

nπn+3)[Fn,Gn], (4)

where π = τ, k, l, i = 1,2,3, l = 1,2,3, i �= l, n = 1,2,3 and

[bi, bl] = i√
2

[
πi

(
coshλ − 1

3
sinhλ

)
+ 2

3
Ki sinhλ

]
dFi

dXi

+ i√
2

[
2

3
Kl sinhλ + πl

(
coshλ − 1

3
sinhλ

)]
dF2

dX2

+
√

2

3
i(πm − Km) sinhλ

dFm

dXm

+ i√
2

[
πi+3

(
coshλ + 1

3
sinhλ

)

+ 2

3
Ki+3 sinhλ

]
dGi

dPi

− i√
2

[
2

3
Kl+3 sinhλ + πl+3

(
coshλ + 1

3
sinhλ

)]
dGl

dPl

+
√

2

3
i(πm+3 − Km+3) sinhλ

dGm

dPm

+
3∑

n=1

(iπnKn+3 − iKnπn+3)[Fn,Gn], (5)

where i �= l, i, l = 1,2,3, m �= i, m �= l, m = 1,2,3, π �= K, π,K = τ, k, l, n = 1,2,3. We
can easy to see that for arbitrary nonzero functions, Fi = F

†
i , Gi = G

†
i (i = 1 → 6) and the

canonical commutation relations [bi, b
+
j ] = δij , [bi, bj ] = 0 (i = 1,2,3) lead to the results

that τi, ki and li (i = 1 → 6) are all real numbers, and the relations

(1) k1 = l1, k1 = − τ1(3 coshλ−sinhλ)

2 sinhλ
, τ2 = l2, τ2 = − k2(3 coshλ−sinhλ)

2 sinhλ
,

τ3 = k3, l3 = − τ3(coshλ−sinhλ)

2 sinhλ
, τi = ki = li = 0, (i = 4,5,6), or

(2) k4 = l4, τ4 = −k4(3 coshλ+sinhλ)

2 sinhλ
, τ5 = l5, k5 = −τ5(3 coshλ+sinhλ)

2 sinhλ
,

τ6 = κ6, τ6 = −l6(3 coshλ+sinhλ)

2 sinhλ
, τi = ki = li = 0, (i = 1,2,3).

From above we can see that the general transformations given in (4) are not canon-
ical transformations at all if they concludes both coordinate-dependent and momentum-
dependent items.

Now let us first discuss the coordinate-dependent three-mode squeezing transformations

bi = ai coshλ + Aija
† sinhλ + iπiFi, (6)

where τi, ki and li (i = 1,2,3) are all real numbers, and satisfy the relations

k1 = l1, k1 = −τ1(3 coshλ − sinhλ)

2 sinhλ
, τ2 = l2, τ2 = −k2(3 coshλ − sinhλ)

2 sinhλ
,

τ3 = k3, l3 = −τ3(coshλ − sinhλ)

2 sinhλ
, τi = ki = li = 0 (i = 4,5,6).
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We introduce two sets of operators di, d
†
i and bi, b

†
i (i = 1,2,3), it has the form

d1 = a1 + 3iτ1F1

3 coshλ − sinhλ
, d2 = a2 + 3iτ2F2

2 sinhλ
, d3 = a3 + 3iτ3F3

2 sinhλ
, (7)

bi = StdiS
−1
t = di coshλ + Aijd

† sinhλ, (8)

where St = exp[−λ(A† − A)], A† = 1
6

∑3
i=1 d

†2
i − 2

3

∑
i<j d

†
i d

†
j , A = 1

6

∑3
i=1 d2

i −
2
3

∑
i<j didj .

By means of (9) and (10), we can prove it satisfy the canonical commutation relations

[di, d
†
j ] = δij , [di, dj ] = 0 (i, j = 1,2,3). (9)

Obviously (10) is nothing but the standard squeezing transformation relating di, d
†
i and

bi, b
†
i (i = 1,2,3). It is then straightforward to obtain

bi = StdiS
†
t (i = 1,2,3). (10)

In addition, (9) can be rewritten as

di = U(X1,X2,X3)aiU
†(X1,X2,X3) (i = 1,2,3), (11)

where the unitary operator U has the form

U(X1,X2,X3) = exp

[
− 3

√
2iτ1

3 coshλ − sinhλ

∫ X1

0
F1(x)dx

− 3
√

2iτ2

2 sinhλ

∫ X2

0
F2(x)dx − 3

√
2iτ3

2 sinhλ

∫ X3

0
F3(x)dx

]
. (12)

Obviously, the unitary operator U(X1,X2,X3) describes a coordinate-dependent dis-
placement explicitly given by (10). It is then straightforward to combine unitary transfor-
mations (1) and (10) to obtain

bi = QaiQ
† = ai coshλ + Aija

† sinhλ + iπiFi, (13)

where

Q = StU(X1,X2,X3) = U(X1,X2,X3)S3. (14)

In writing (16), we have made use of the relations (10). Equation (16) tells us that the com-
bination unitary transformations Q of the two unitary transformations described by the two
unitary operator U(X1,X2,X3) and S3, respectively, indeed has the form of the coordinate-
dependent squeezing transformations determined by (8).

Let us consider three-mode multiphoton states |ψ〉β , which is defined as the eigenstates
of the annihilation operator b, i.e., b|ψ〉β = β|ψ〉β , |ψ〉β = Q|000〉 = U(X1,X2,X3)|λ〉 =
U(X1,X2,X3)S3|000〉|ψ〉β can be expressed in the coordinate representation as
ψβ(x1, x2, x3) = 〈x1, x2, x3|ψ〉β , where |xi〉 is the eigenstate of coordinate operator Xi with
eigenvalue xi , i.e., Xi |xi〉 = xi |xi〉 (i = 1,2,3). Noting that 〈x1, x2, x3|U(X1,X2,X3) =
U(x1, x2, x3)〈x1, x2, x3|, we can obtain ψβ(x1, x2, x3) = 〈x1, x2, x3|ψ〉β = U(x1, x2, x3)

〈x1, x2, x3|λ〉. To have the explicit expression of ψβ(x1, x2, x3), we only need to cal-
culate the quantity 〈x1, x2, x3|λ〉, which is independent of the operator-valued functions
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F1(X1),F2(X2) and F3(X3). That is to say, all we need to do is calculate the wave function
of the standard three-mode squeezed vacuum state |λ〉 in the coordinate representation.

Using the standard three-mode squeezed vacuum

|λ〉 = S3|000〉 = sech
3
2 exp[−A† tanhλ]|000〉, (15)

where A† = 1
6

∑3
i=1 a

†2
i − 2

3

∑
i<j a

†
i a

†
j , we have

aiS
†
3 |λ〉 = 0, Ci |λ〉 = 0 (i = 1,2,3),

where the operators Ci is given by

Ci = S3aiS
†
3 = ai coshλ + Aija

† sinhλ. (16)

Therefore, using the results

ai = 1√
2
(Xi + iPi) → 1√

2

(
xi + ∂

∂xi

)
,

a
†
i = 1√

2
(Xi − iPi) → 1√

2

(
xi − ∂

∂xi

)
(i = 1,2,3),

(17)

we can put (18) into the form

{(
x1 + ∂

∂x1

)
coshλ +

[
1

3

(
x1 − ∂

∂x1

)
− 2

3

(
x2 − ∂

∂x2

)

− 2

3

(
x3 − ∂

∂x3

)]
sinhλ

}
〈x1, x2, x3|λ〉 = 0,

{(
x2 + ∂

∂x2

)
coshλ +

[
1

3

(
x2 − ∂

∂x2

)
− 2

3

(
x1 − ∂

∂x1

)

− 2

3

(
x3 − ∂

∂x3

)]
sinhλ

}
〈x1, x2, x3|λ〉 = 0,

{(
x3 + ∂

∂x3

)
coshλ +

[
1

3

(
x3 − ∂

∂x3

)
− 2

3

(
x1 − ∂

∂x1

)

− 2

3

(
x2 − ∂

∂x2

)]
sinhλ

}
〈x1, x2, x3|λ〉 = 0.

(18)

The solution of (20) is

〈x1, x2, x3|λ〉 = 1√
2π

exp

[
−x2

1 + x2
2 + x2

3

2
cosh 2λ

− 1

6
sinh 2λ(x2

1 + x2
2 + x2

3 − 4x1x2 − 4x1x3 − 4x2x3)

]
. (19)

Using the expression U(X1,X2,X3) given in (14), we have the explicit analytical expres-
sion of the three-mode multiphoton states ψβ(x1, x2, x3) in the coordinate representation as
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follow:

ψβ(x1, x2, x3) = U(x1, x2, x3)〈x1, x2, x3|λ〉

= 1√
2π

U(x1, x2, x3) exp

[
−x2

1 + x2
2 + x2

3

2
cosh 2λ

− 1

6
sinh 2λ(x2

1 + x2
2 + x2

3 − 4x1x2 − 4x1x3 − 4x2x3)

]
. (20)

Similarly, the momentum-dependent three-mode squeezing transformations can also be
constructed by the combination of two unitary transformations, a momentum-dependent
displacement followed by the standard squeezing transformations, i.e.,

Q = U(P1,P2,P3)S3, (21)

U(P1,P2,P3) = exp

[
− 3

√
2iτ4

3 coshλ + sinhλ
+ 3

√
2iτ5

2 sinhλ
+ 3

√
2iτ6

2 sinhλ

]
. (22)

Another squeezing states can be obtained by making the unitary operator Q′ on the three-
mode vacuum state, i.e.,

|ψ〉β ′ = Q′|000〉 = U ′(P1,P2,P3)|λ〉 = U ′(P1,P2,P3)S3|000〉, (23)

we have the explicit analytical expression of the three-mode multiphoton states |ψ〉β ′ in the
momentum representation as follow:

ψβ ′(P1,P2,P3) = U ′(P1,P2,P3)〈P1,P2,P3|λ〉

= 1√
2π

exp

[
−p2

1 + p2
2 + p2

3

2
cosh 2λ

− 1

6
sinh 2λ(p2

1 + p2
2 + p2

3 + 4p1p2 + 4p1p3 + 4p2p3)

]
. (24)

3 Properties of Squeezing State |ψ〉β

Now let us prove that all the expectation quantities averaged over the multiphoton states
|ψ〉β , i.e., 〈A〉 =β 〈ψ |A|ψ〉β , can be expressed in terms the expectation values averaged
over the standard three-mode squeezed vacuum |λ〉, i.e., 〈A〉L = 〈λ|A|λ〉. The subscript
“L” means that the averaging operation relates merely to the standard three-mode squeezed
vacuum involving only linear squeezing transformations. Form (14), it is easy to obtain the
basic formula for such a transition as follows:

〈A(X1,X2,X3,P1,P2,P3)〉 = 〈U †(X1,X2,X3)AU(X1,X2,X3)〉L, (25)

where A is an arbitrary function. It implies 〈f (X1,X2,X3)〉 = 〈f (X1,X2,X3)〉L, which
demonstrates that the coordinate variables X1, X2, X3 and their arbitrary functions are not
affected by the nonlinear terms in the coordinate-dependent squeezing transformations (4).
Using the commutative relations [Xi,Pj ] = iδij (i, j = 1,2,3), we have

[U(X1,X2,X3),P1] = 3
√

2τ1

3 coshλ − sinhλ
U(X1,X2,X3)F1(X1), (26)
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[U(X1,X2,X3),P2] = 3
√

2τ2

2 sinhλ
U(X1,X2,X3)F2(X2), (27)

[U(X1,X2,X3),P3] = 3
√

2τ3

2 sinhλ
U(X1,X2,X3)F3(X3). (28)

Using

eABe−A = B + [A,B] + 1

2! [A, [A,B]] + 1

3! [A, [A, [A,B]]] + · · · , (29)

we can have

U−1(X1,X2,X3)P
n
1 U(X1,X2,X3) =

[
P1 − 3

√
2τ1

3 coshλ − sinhλ
F1(X1)

]n

, (30)

U−1(X1,X2,X3)P
n
2 U(X1,X2,X3) =

[
P2 − 3

√
2τ2

2 sinhλ
F2(X2)

]n

, (31)

U−1(X1,X2,X3)P
n
3 U(X1,X2,X3) =

[
P3 − 3

√
2τ3

2 sinhλ
F3(X3)

]n

, (32)

and hence

〈f (X1,X2,X3)g(P1,P2,P3)〉

=
〈
f (X1,X2,X3)g

(
P1 − 3

√
2τ1

3 coshλ − sinhλ
F1,P2 − 3

√
2τ2

2 sinhλ
F2,P3 − 3

√
2τ3

2 sinhλ
F3

)〉
L

.

(33)

Equation (35) completely describes reducing the averaging operation over the multiphoton
states |ψ〉1 to the operation over the standard three-mode squeezed vacuum |λ〉.

Now, let us discuss the fundamental coordinate operators. For three-mode optical field,
the fundamental quadrature are defined as

U1 = 1√
6
(X1 + X2 + X3),Xi = 1√

2
(ai + a

†
i ) (i = 1,2,3), (34)

U2 = 1√
6
(P1 + P2 + P3),Pi = 1√

2i
(ai − a

†
i ) (i = 1,2,3), (35)

It is easy to prove that U1 and U2 satisfy the commutative relation

[U1,U2] = i

2
, (36)

and uncertainty relation

(U1)
2(U2)

2 ≥ 1

16
, (37)

where

(Ui)
2 = 〈U 2

i 〉 − 〈Ui〉2 (i = 1,2). (38)
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If (Ui)
2 < 1

4 (i = 1,2), we can say the quadrature of the three-mode optical field is
squeezed.

Form (27) and (40), we have

(U1)
2 = 1

4
exp(2λ), (39)

(U2)
2 = 1

4
exp(−2λ) + 1

4
(F)2, (40)

where

F = 3
√

2τ1

3μ − ν
F1

[
μX1 + ν

(
1

3
X1 − 2

3
X2 − 2

3
X3

)]

+
√

2τ2

2ν
F2

[
μX2 + ν

(
1

3
X2 − 2

3
X1 − 2

3
X3

)]

+
√

2τ3

2ν
F3

[
μX3 + ν

(
1

3
X3 − 2

3
X1 − 2

3
X2

)]
, μ = coshλ, ν = sinhλ,

((F)2 = 〈000|F 2|000〉 − (〈000|F |000〉)2.

It indicates that the uncertainty of the first quadrature U1 in the state |ψ〉β is the same as
that in the usual three-mode squeezed vacuum, while the uncertainty of the second quadra-
ture U2 is substantially modified with respect to the linear case.

If we choose F1(X1) = X2
1 , F2(X2) = 0, F3(X3) = 0, we can have:

(F)2 = 3π
3
2 τ 2

1

6 cosh2 λ + sinh 2λ − 3

(3 coshλ − sinhλ)2
. (41)

So by the means of (42), we obtain

(U2)
2 = 1

4
exp(−2λ) + 3

4
π

3
2 τ 2

1

6 cosh2 λ + sinh 2λ − 3

(3 coshλ − sinhλ)2
. (42)

For (F)2 > 0, we have the uncertainty of the second quadrature U2 is more than it in the
usual three-mode squeezed vacuum.

Summary In summary, we have introduced the coordinate-dependent three-mode squeez-
ing transformations and discussed the properties of the corresponding squeezed states. We
have also shown that the nonlinear three-mode coordinate-dependent Bogoliubov transfor-
mations can be constructed by the combination of two unitary transformations, a coordinate-
dependent displacement followed by the standard squeezed transformation. Such decom-
position has shown that the transformations are canonical under very broad constraints,
i.e., F1 = F

†
1 , F2 = F

†
2 , F3 = F

†
3 , k1 = l1, τ2 = l2, τ3 = k3, k2 = τ2(3 coshλ−sinhλ)

2 sinhλ
, τ1 =

k1(3 coshλ−sinhλ)

2 sinhλ
, l3 = τ3(coshλ−sinhλ)

2 sinhλ
. Such decomposition turns a nonlinear problem into an es-

sentially linear one because all the calculations involving the nonlinear three-mode squeezed
transformation have been shown to be able to reduce to those only concerning the standard
three-mode squeezed states which only involves the linear and quadrature-independent Bo-
goliubov transformations.
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